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Abstract 



We study various nonlinear PDEs under the effect of a time-inhomogeneous and irregular modu- 
lation of the dispersive term. In particular the modulated Id periodic or non-periodic versions of the 
Korteweg-de Vries (KdV) equation, of the modified KdV equation, of the non-linear Schrodinger 
equation (NLS) and of the derivative NLS. We introduce a deterministic notion of " irregularity" for 
the modulation and obtain local and global results similar to those valid without modulation. In 
some cases the irregularity of the modulation improves the well-posedness theory of the equations. 
A first approach is based on novel estimates for the regularising effect of the modulated dispersion 
on the non-linear term using the theory of controlled paths and estimates stemming from Young's 
theory of integration. A second approach is an extension of a Strichartz estimated first obtained 
by Debussche and Tsutsumi in the case of the Brownian modulation for the quintic NLS. 

Keywords: Dispersion management; Young integrals; Controlled paths; Stochastic Strichartz in- 
equality; I-method; Korteweg-de Vries equation; Non-linear Schrodinger equation; Regularization 
by noise phenomenon. 
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1 Introduction 

In this paper we consider nonlinear PDEs of the form 

^^, = A^t'^+M{^t), t>0 (1) 



where w : M+ — t- M is an arbitrary continuous function, A is an unbounded linear operator and M 
some nonlinear function. The situation we have in mind is where ^ is a dispersive operator like the 
Schrodinger operator id'^ or the Airy operator acting on periodic or non-periodic functions on 
and where TV is some polynomial non-linarity with possibly derivative terms. Our analysis will be 
mainly devoted to the following cases: 

1. (KdV) Korteweg-de Vries equation in T or M, A = 9^, Af{(/)) = dc/P; 

2. (NLS) Non-linear cubic Schrodinger equation in T",M", n=l,2, A = id'^, Af{(t)) = 

3. (mKdV) Modified Korteweg-de Vries equation in T, ^ = d^, Af{(t)) = 5(^2 - 3||(/)||^o)</'; 

4. (dNLS) Non-linear (Wick-ordered) derivative cubic Schrodinger equation mT, A = id"^, AA(0) = 
^5M</>p-||</>||^o)0with0>O; 

in all these cases the Banach space V will be taken as belonging to the scale of Sobolev spaces ff", 
a G M defined as the completion of smooth functions with respect to the norm 

\^\a = mH'^ = mrm\\L^[^-) m 

where (f) is the Fourier transform of (j) : M" C and = (1 -|- ICP)"*^^^- Similar definition holds in the 
periodic case where is replaced by T" with T = [0, 27r[ with periodic boundary conditions. 

The (randomly) modulated NLS equation has been subject of interest in recent literature (for 
example [1,12,14,26,27,29,32,36]), especially due to the applications to soliton management in 
optical wave-guides. The authors do not know of any relevant application of the other models, apart 
from the work of Clarke et al. [6] on dispersion management for KdV. 

Aside of specific applications we are motivated by the general problem of understanding the prop- 
erties of PDEs in non-homogeneous environments and what can be expected as far as "generic" 
properties of the equation are concerned. Modulated equations rule out classical techniques of Fourier 
analysis (e.g. Bourgain spaces in the case of KdV) and other important tools like Strichartz estimates. 
Many conservation laws are also not available in the modulated context affecting the analysis of global 
solutions. 
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Another of our motivations has been the study of the regularisation effect of a non-homogeneous 
time modulation in the spirit of the recent work of FlandoU, Priola and one of the authors [15] on the 
stochastic transport equation. 

Eq. (1) is only formal since the derivative of w does not exists in general. If u; is a Brownian motion 
then the differential equation can be understood via stochastic calculus. Interpreting the differential in 
Stratonovich sense seems the most natural choiche in this context since it preserves the mild fomulation 
of the equation (see below). De Bouard and Debussche [12] study the Nonlinear Schrodinger equation 
with Brownian modulation and they show that it describes the homogenisation of the deterministic 
Nonlinear Schrodinger Equation with time dependent dispersion satisfying some ergodicity properties. 
In the more general situation the interpretation of eq. (1) as an Ito or Stratonovich SPDE is not 
possible and we prefer to describe solutions via a mild formulation. If we denote by (e*'^)fg]R the group 
of isometrics V = H°' generated by A, the mild solution of eq. (1) is formally given by 

= ur^po + ur [\urr'M{ps)ds (3) 

Jo 

where U}" = e^'^^ is the operator obtained by a time-change of the linear evolution associated to A 
using the function w. In this form the equation make sense for arbitrary continuous function w. 

The aim of this paper is to analyse eq. (3) under some hypothesis on the "irregularity" of the 
perturbation w. In particular if w is sufficiently irregular (in a precise sense to be specified below) then 
we will be able to show that the above nonlinear PDE can be solved in spaces which are comparable 
to those allowed by the unmodulated equation 

^^^t = A^t+N{ipt), t>0 (4) 
at 

and that in some situations the combination of the irregularity of the perturbation and the non-linear 
interaction provides a strong regularizing effect on the equation. 

Let us now be more specific about the kind of solutions we are looking for. Let n^v : -ff" — > be 
the projector over Fourier modes |.^| < A^: IliyfiS,) = I|5|<7v/(0 where / denotes the Fourier transform 
of / € -ff" and let J\fNi4>) = ^n-^(J^n4') be the Galerkin regularization of the non-linearity. 

Definition 1.1. The function (p G C{Kj^]V) is a local solution to (3) in V with initial condition 
(j) if there exists T > and such that 

hm /'Vr)"'AA7v(¥^.)ds = Qt{p) 

exists in V for any t £ [0, T] and the equality 

holds in V for any t G [0,r]. We say that the solution is global if the equality holds of any t >0. 
Whenever the limit exists we write 

hm [\urr'MN{ps)ds = [\ury'MiPs)ds. 

^^oo Jo Jo 

It should be noted that the quantity on the r.h.s. is not a usual integral but only a convenient 
notation for the limit procedure. Indeed J\f{ips) will exist only as a space-time distribution and not as 
a continuous function with values in V. 

The next definition concerns the particular notion of "irregularity" of the perturbation that will 
be relevant in our analysis. 
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Definition 1.2. Let p > and 7 > 0. We say that a function w € C([0, T];IR) is {p,-y) -irregular if 
for any T > 0; 

|$^i(a)| 

ll^'^llw'^'^ = sup sup {ay ' < +00 

^ aGKO<s<t<T l^-lr 

where ^fj-{a) = e*°'"''dr. Moreover we say that w is p-irregular if there exists 7 > 1/2 such that w 
is {p,^) -irregular. 

As it is apparent from this definition the notion of irregularity that we need is related to the 
occupation measure of the function w (see for example the review of Geman and Horowitz on occu- 
pation densities for deterministic and random processes [17]), in particular to the decay of its Fourier 
transform at large wave-vectors as measured by the exponent p. The time regularity of this Fourier 
transform, measured by the Holder exponent 7, will also play an important role. 

Existence of (plenty of) perturbations w which are p-irregular is guaranteed by 

Theorem 1.3. Let {Wt)t>Q be a fractional Brownian motion of Hurst index H € (0, 1) then for any 
p < 1/2H there exist 7 > 1/2 so that with probability one the sample paths ofW are {p,-y)-irregular. 

In particular there exists continuous paths which are /j-irregular for arbitrarily large p. Using 
well known properties of support of the law of the fractional Brownian motion it is also possible to 
show that there exists p-irregular trajectories which are arbitrarily close in the supremum norm to 
any smooth path. It would be interesting to study more deeply the irregularity of continuous paths 
"generically" . 

In our opinion an important general contribution of our work is the observation that the regularity 
of the occupation measure of w seems to play a major role in the understanding of the regularizing 
properties of w in a non-linear context and it would be desirable to understand more deeply the link 
of the notion of p-irregularity with the path-wise properties of w. 

Apart from the classic contribution of Geman and Horowitz [17], the authors are not aware of any 
systematic study of occupation measures from the point of view of their action on spaces of functions, 
topic which is central to our analysis. Let us explain this better: let 

Tr,tfi^)= f f{x + Wr)dr 

J s 

for measurable functions / : M — t- R. Then Tf^{e^"'')[x) = ^>^j(a)e*'^^ which shows for example that if 
w is {p, 7)-irregular then 

ii^i^t/ii/f (R) ^ I* - srii/iiHO(R) 

meaning that T is a regularizing operator. This point of view links our research to the topic of 
improving bounds for averages along curves (see for example the paper of Tao and Wright [34]). 
Inspired by the work of Davie [0] on pathwise uniqueness for SDEs, Catellier and Gubinelli [5] provide 
some analysis of the regularizing properties of random paths but much is still not very well understood. 

An open problem is, for example, what happens if we replace w with a regularised version or 
with a function which could depend on the solution itself. In this respect we conjecture that if w is 
(/9, 7)-irregular then for any smooth function (p the perturbed path = w + (p is still (p, 7)-irregular 
but we are only able to prove this in the specific situation where w is a. fractional Brownian motion 
and 99 is a deterministic perturbation, or more generally but with a loss of 1/2 in the p irregularity of 
w^: both results (with precise statements) are obtained in ["■]. In the case of a smooth w we have the 
following straightforward result: 
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Proposition 1.4. Let w : [0,T] ^ R a twice differentiable function such that ct = inif^^Q ^] l^jl > 
for any T > and -j^ryz € Lj^^i^, +oo) then w is {1 — 7, 7) irregular for all 7 € (0, 1). 

Proof. Integration by parts gives 

piawt _ piaws ft „..// 

and the result follow immediately from the hypothesis. □ 

To deal with irregular modulations in the sense of Def. 1.2 we develop two different techniques: 

1. The first uses the controlled path approach and Young's integral and it is inspired by the work 
of one of the authors [19] where the periodic KdV equation in negative Sobolev spaces (and 
more general Fourier-Lebesgue spaces) is studied without relying on Bourgain spaces and the 
time-homogeneity of the equation. This work has connection to the normal form analysis of 
Babin, Ilyin and Titi of the same equation [2]. 

2. The second is based on a novel deterministic Stricharz estimate for the modulated linear equation 
which is a generalization of the probabilistic results of Debussche and Tsutsumi [14]. 

Let us summarise the main contributions of this paper, all along which we are going to make the 
following basic assumption: 

Hypothesis 1.5. The function w is {p,j) -irregular for some p > and 7 > 1/2. 

Our first result is about the modulated Korteweg-de Vries (KdV) equation. 

Theorem 1.6. For any p > 3/4 and a > —p the Id periodic modulated KdV equation has a local 
solution in H'^(T). The solution is global if a > —3/2 and a > — p/(3 — 27). Uniqueness holds in 
the space D^{H°') C C(M+;i?°(T)) introduced in Def. 2.2 below. In the non-periodic setting the Id 
modulated KdV equation has local solutions in H'^{M.) for a > — mm{p, 3/4). The solution is global if 
a > — min(/9/(3 — 27), 3/4). Uniqueness holds in the same space V^{H°^). 

This theorem shows that an irregular modulation provides a regularisation effect on the KdV 
equation. Indeed the unmodulated equation allows for a uniformly continuous flow only if a > —1/2 
in the periodic setting and only if a > —3/4 in the non-periodic one [7]. Recall that exploiting the 
complete integrability of the unpertubed model it is possible to show existence of solutions up to 
a > -1 [28]. 

As far as we know there are no existence results for a < —1 for the unmodulated equation and 
since we obtain solutions with standard fixed point methods we have also the existence of continuous 
flow in situation were it is known to be false for the unmodulated equation. 

Ours are the first results of regularization by noise in non-linear dispersive equations with rough 
initial conditions. It is known that noise can act as to worsen the behavior of the equation, for example 
blow-up in NLS with multiplicative noise [10,11]. 

For the cubic NLS equation we have the following theorem. 

Theorem 1.7. Assume that p > 1/2. Then the modulated cubic NLS equation on T and M has a 
global solution in H°' for any a > 0. Uniqueness holds in T>^'{H°') and the flow is locally Lipschitz 
continuous in T>^{H"'). 
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In the case of Brownian modulation the global solution for a = have already been constructed by 
de Bouard et Debussche [12]. Here we extend their result to any a >0 and any sufficiently irregular 
modulation. Global solutions for any a > are the result of the conservation law and some 
regularity preservation estimates for the non-linear term. 

For the other models we considered we obtained the partial results listed in the following theorem. 

Theorem 1.8. Assuming p > 1/2. We have the following results: 

1. The modulated cubic NLS equation on has a unique local solution in H°' if a > 1/2; 

2. The modulated dNLS equation on T has a unique local solution in H°' if a > 1/2; 

3. The modulated mKdV equation on T has a unique local solution in H°' if a > 1/2. 

A key argument in the proof of all these results is the use of explicit computations allowed by 
the polynomial character of the non-linearity. These results are however limited to modulations 
irregular enough. Indeed, a bit surprisingly, in the modulated context the application of controlled 
path techniques is easier if the modulation is very irregular. This has allowed us not to have to deal 
with second order controlled expansions as has been necessary in [19]. An open problem is to fill the 
gap between regular and irregular modulations. 

A different line of attack to the modulated Schrodinger equation comes from the application of the 
following Strichartz type estimate which can be proved under the same p-irregularity assumption of 
Hyp. 1.5: 

Theorem 1.9. Let A = id^, T > 0, p (2,5],p > min(| — |, 1) then there exists a finite constant 
Cw,T > and 7*(p) > such that the following inequality holds: 



<C^r^*(P)||V|Li([o,T],L^( 

LP([0,T],L2p(iR)) 



for all^pe L1([0,T],L2(M)). 



As an application we obtain global well-posedness for the modulated NLS equation with generic 
power nonlinearity ie : M{(j)) = 

Theorem 1.10. Let /j, € (1, 4], p = 1, p > min(l,3/2 - |) and u° € L'^{M.) then there exists 
T* > and a unique u £ L^([0, T], L^''(]R)) such that the following equality holds: 

ut = U^u^ + i f Ur{Uf)-\\usrus)ds 



for allt G [0,T*]. Moreover we have that \\ut\\i,2^T^-^ = \\uq\\i^2(^^^ and then we have a global unique so/u- 
iion n G Lf^^([0,+oo),L2p(M)) and u e C([^,+oo),L^{^)). Ifu'^eH^{R) then u e C{[0,oo), H^{R)). 

We point out that all our techniques are deterministic and that they provide novel results even in 
the stochastic context, for example when w is taken to be the sample path of a fractional Brownian 
motion. In the Brownian case it is not difficult to show that our solutions corresponds to limits of 
solutions of Stratonovich type SPDEs. Even in the Brownian setting our results on KdV, mKdV and 
DNLS are, to our knowledge, novel. In the case of NLS we recover the known results of Debuscche 
and Tsustumi adding to that existence of a continuous flow map for the SPDE, result which is usually 
difficult to obtain in the stochastic framework. 
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Plan. In Sect. 2 we illustrate the controlled path approach to solution to modulated semilinear 
PDEs. This approach relies on a non-linear generalisation of the Young integral [18,30,35] for which 
we provide complete proofs in Sect. 3. Using the non- linear Young integral we define and solve 
Young-type differential equations in Sect. 4. This will provide a general theory for the constructions 
and approximation of the controlled solutions. In Sect. 5 we verify that all our models satisfy the 
hypothesis to apply the general theory we outlined in the previous section. In Sect. 6 we study global 
solutions in different H°' spaces: above by seeking suitable preservation of regularity estimates and 
for KdV below by an adaptation of the /-method to our context. Finally in Sect. 8 we prove the 
Strichartz estimate of Thm. 1.9 and apply it to the study the modulated NLS equation with general 
non-linearity without relying on controlled solutions. 

Notations. If V,W are two Hilbert spaces we let Cn{V,W) be the Banach space of bounded 
operators on y®" (considered with the Hilbert tensor product) with values in W and endowed with the 
operator norm and set CniV) = Cn{V, V)- We let T > denote a fixed time and C^V = C'^([0, T], V) 
the space of 7-Holder continuous functions form [0, T] to V endowed with the semi-norm 

11,11 11/(0-/(^)11. 
\\f\\c->v = sup . 

0<s<t<T — 

If y is a Banach space then Lipjy,j(y) will denote the Banach space of locally Lipshitz map on V with 
polynomial growth of order M > 0, that is maps f : V ^ V such that 

\\fix)-fmv 



2 Controlled paths 

The approach we will use in proving Thms. 1.6, 1.7 and 1.8 is based on ideas coming from the theory 
of controlled rough paths [18, 33] which have been already used in a variety of contexts: 

1. alternative formulation of rough path theory with the related applications to stochastic differen- 
tial equations and in general to differential equations driven by non-semimartingale noises [13, 
21,23]; 

2. approximate evolution of three dimensional vortex lines in incompressible fluids where the initial 
condition is a non-smooth curve [3, 4] 

3. study of the stochastic Burgers equation (multi-dimensional target space and various kind of 
robust approximation results) [24,33]; 

4. definition of controlled (or energy, or martingale) solutions for a class of SPDEs including the 
Kardar-Parisi-Zhang (KPZ) equations [20]; 

5. Hairer's work on the well-posedness and uniqueness theory for the KPZ equation [25]; 

Recently the controlled path approach has also been used to highlight the regularisation by noise 
phenomenon in ODE with irregular additive perturbations [5] where techniques very similar to those 
used in this paper are exploited (in particular the notion of p-irregularity and the non-linear Young 
integral) . 

Controlled paths are functions which "looks like" some given reference object. In the case of eq. (3) 
it looks quite clear that the solution should have the form ipt = U^'ipt for ipt another continuous path 
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in V such that ipQ = ipo- If we stipulate that ip has a nice time behavior then if is somehow "following" 
the flow of a free solution of the linear equation, modulo a time-dependent slowly varying modulation. 
The space of controlled paths P"" (to be defined below) in which we will set up the equation will then 
be given by functions ip such that an Holder condition holds for ipt = {Uf")~^ipt. Note that this space 
depends on the modulation and that different driving functions w and w' would give rise a priory 
to different spaces T>^ and V" of controlled functions. This difference is somehow crucial and make 
the spaces of controlled paths to be more effective in the analysis of the non-linearities. Let us try 
to explain why. Assume that (p is the simplest path controlled by w, that is the solution of the free 
evolution ipt = U^(p for some fixed <j) ^ V (i.e. not depending on time). In this case the non-linear 
term in eq. (3) takes the form 

= Ut [\uf)-^M{u::'ci))ds = utXM) 

Jo 

where Xt : V V is the time-inhomogeneous map given by 

Xt{4>) = [\ur)-'Af{Urms (5) 





We will show that, in the specific settings we will consider, it is possible to actually prove the following 
regularity requirement: 

Hypothesis 2.1. The map Xst = Xf —Xs is almost surely a locally Lipshitz map on V satisfying the 
Holder estimate 

\\X,t{<l^) - Xstmiv <\t- smi + Mv + U'\\v)''U - ^'\\v 

for some 7 > 1/2 and M > 0. 

In this situation we see that <I>t is a controlled path such that '^t = {Ut^)~^^t belongs at least to 
C'^^'^iy). If we want a space of controlled paths stable under the fixed point map 

nip), = ur^o + ur [\urr'Mi^s)ds 

Jo 

we have to require t 1-^ {U}")~^T{ip)t to be at most in C^^'^{V) since otherwise even the first step 
of the Picard iterations will get us out of the space. These considerations suggest us a definition of 
controlled paths: 

Definition 2.2. The space of paths T>^(V) controlled by w is given by all the paths ip in C([0, T], V) 
such that t^ipf = {U'"),^ipt belongs to C^/'^{V). 

At this point it is still not clear that the non-linear term is well defined for every controlled paths. 
Hypothesis 2.1 ensure that the non-linearity is well defined when the controlled path ip is such that 
(p'^ is constant in time. To allow for more general controlled paths we consider a smooth (in space 
and time) path /: in this case the following computations can be easily justified in all the models we 
will consider: 

l\urr'M{urfs)ds = 1^ {fs)ds = xm)- 

where the last integral in the r.h.s. should be interpreted as the limit of suitable Riemman sums: 



fxM) := hm VXi,i.+,(/J. 
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A key observation is that the map f ^ Jq ^ds(/s) can be extended by continuity to ah the functions 
/ € C^/^(y) using the theory of Young integrals, indeed note that X is a path of Lipshitz maps with 
Holder regularity 7 > 1/2 and that this is enough to integrate functions of Holder regularity 1/2 since 
the sum of these two regularities exceed 1. Since the kind of Young integral we use is not standard we 
will provide proofs and estimates in a self-contained fashion below. This allows us to give a natural 
definition of the nonlinear term for all controlled paths ip, indeed it is now easy to prove the following 
claim: 

Lemma 2.3. Let ip € D'^ and let (v?n)n>o 0, sequence of elements of ip £ which are smooth and 
compactly supported in space and such that ipn ^ f in . Then 

Jo Jo 

in V uniformly in t. 

As it should be clear by now, the time-integral of the non-linearity (even if not the non-linearity 
itself) is a well defined space distribution for all controlled paths and it is explicitly given by a Young 
integral involving the modulated operator X. We can then recast the mild equation (3) as a Young- 
type differential equation for controlled paths: 

^r = v^o+ f x^^^). (6) 

Jo 

Any solution of this equation corresponds to a controlled path ^pt = U^(pf which solves (3) where the 
r.h.s. should be understood according to Lemma 2.3. 

The Young equation (6) can then be solved, at least locally in time and in a unique way, in 
C^/^(M+,y) by a standard fixed point argument. In some cases it is also possible to prove the 
existence of a conservation law which imply Hv'tHy = llvolly and obtain global solutions. Another 
byproduct of this approach is the existence of a Lipshitz flow map on V. 

3 The nonlinear Young integral 

Young theory of integration is well known [16,30,31,35]. Here we introduce a non-linear variant which 
is not covered by the standard assumptions. For the sake of completeness we derive here the main 
estimates in our specific context. 

Theorem 3.1 (Young). Let f E C'Lip^j(F) and g E CV with 7 -|- p > 1 then the limit of Riemann 
sums ^ 

lt= I fdu{gu) = lim V fu+^ {qu ) - fu iau ) 
Jo |n|^o^ 

exists in V as the partition H 0/ [0, t] is refined, it is independent of the partition, and we have 

\\It -Is- {ft - fs){9s)\\v < (1 - 2i-^"0^1/llc.Lip„(y)llffl|cpy(l + Ibllcoy)*'!^ - s^+p. 

Proof. We give a new proof of this fact. Let /, g be smooth functions in Lipj^^(y) and V respectively. 
Define the bilinear forms /s,t(/, g) = J^{dufu){gu) and Js,t{f, g) = Is,t{f, g)-fs,t{9s) where fs,t = ft-fs 



9 



and note that these last satisfy Js,t{f, g) = Js,u{f^ d) + 9) + {fu,t{9u) - fu,t{9s)) for alls <u<t. 

Let q = s + {t- s)A;2-" for /c = 0, . . . , 2". By induction: 



2"-l n 2"-! 



j=0 fc=0 j=0 



Since /, are smooth \\Jt-,vi^Sf.9)\\v <f,g \tf+i - t^P ^f,g 2 ^" so that || ^^^q Jt^,t^+,{f, 9)\\v <f,g 
2~" — >■ as n ^ oo. Then we can estimate 

oo 
k=0 

< (1 - 2^-"-'')-i/llc.Lip„(y)ll5llcpy(l + ll^llcoy)"" 

Now assume that / € C'''hip]yj{V) and g € Then there exists sequences of smooth function fn 

and gn such that fn—^f hi Lip jy.j{V) and gn ^ g V for ah 7' < 7 and aU p' < p and moreover 
such that ||/n||c^Lipjv^(\/) < ll/llc7Lipjv^(y) and ||fiin||cpy < ||/||cpv • The above estimate imphes the 
convergence of Js,t{fn,9n) — ^ Js,t{f,9) in V for ah s,t. In turn this imphes that, by passing to the 
hmit in the estimate we have also \\Js,tif^ 9)\\v < (1 - 2^"^"'')"^ ||/||c7Lipji,^(V) llffllc^y (1 + llffllcoy)^^- 
Which means that we can define 

h,t{f,g) = / fdu{9u) = fs,t{9s) + Js,t{f,9) 
J s 

for any / G C^Lipj^j{V) and g € CV. Now assume that 11 = {s < to < *i < • • • < < is a 
partition of [s,t] and denote with Su = "^^=0 fti,ti+i{9ti) the associate Riemman sum. By the above 
construction we have ft„u+A9u) = Iu+iu{f, 9) - Ju+iuif, 9) with \\Ju,u+Af^ 9)\\ ^f,g \ti+i-ti\'^+P and 
so 

n—1 n— 1 71—1 

i=0 1=0 i=0 

^n-l 



moreover 



EiLo ^ ^/,5 EILo -iiT"^'' </,g |n|'^+/' ^|t-s| which implies that Su ^ 

Is,t{f, 5) as |n| — )■ and the integral which we defined above by the continuous extension of the bilinear 
forms Is^tif,9) coincides indeed with the limit of Riemann sums on arbitrary partitions. □ 



4 Young solutions 

With the estimates of Young integral we can set up a standard fixed point procedure to prove existence 
of local solution and their uniqueness assuming suitable regularity of X. We assume that Xt(0) = 
for simplicity. Define standard Picard's iterations by 

Jo 

with Tp^'^^ = TpQ. Now 
Jo 
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< T^||X||(1 + WMv + Ti/'||V'^")|lci/2y)''+' 

and 

which means that for sufficiently small T (depending only on ||V'o||v^) we can have ^"'^^^llV'^^^llci/^y — 1 
for all n > 0. Moreover in this case 

||^(n+2) _^(n+l)||^^^^^ <||^o|k - V'("^llcV.y 

which for \\X\\T'^-^/'^ ^UoWv 1/2 implies that {ip^''^ 

)n>o converges in C^^'^V to a limit ^ which by 
continuity of the Young integral and of the operator X satisfies 

1pt = 1pO+ / Xdsii^s)- 



Jo 

This solution exists at least until t < T where T depends only on the norm of X and ||i/;o||y- Note 
that a posteriori ip belongs to C^V and not only to C^^'^V. Uniqueness in C^^'^V is now obvious. 

Of course if M = it is easy to prove that the existence time T of the local solution does not 
depend on Hf/iolly and this imply existence of solution on arbitrary intervals. In the general case we 
need further assumptions on the properties of X: 

Lemma 4.1. Assume that for all (f) (zV such that \\(l)\\v < R we have 

\\\4, + Xs,M)\\v-\mv\<CR\t-s\p 

where p> 1, then = ll^ollv ('''n-d there exists a unique global solution of the Young equation. 

Proof. Consider Mt = W'tptWv which satisfy 

\Mt -Ms\ = IIIV's + Xs,t{i's) + Rs,t\\v - UsWvl 

< iWiJs + Xs,t{i^s)\\v - Us\\v\ + \\Rs,t\\v 

by assumption and by the Young estimates on R we have 

<,, \t- s\P + It - s|l/2+T 

This relation implies that Mt must be a constant function since both p > 1 and 1/2 + 7 > l.Then 
Mt = Mq for all t < T. The conservation of the V norm allows then to extend the solution to an 
arbitrary interval and obtain a global solution. □ 

4.1 Euler Scheme 

Young equations allow for a straightforward Euler approximation scheme. Let tp € C^V the solution of 
the Young equation defined before and T the life time of this solution. For any n > let ipQ = ipQ (z V 
and define recursively 

C = C-i + ^i-^(C-i)- 

n n 

Theorem 4.2. Let for n > and < i < uT, Af = ^1^ - then 

n 

max V ^ = 0(71^-27) 

^<i<3<\nT\ \i — iy 
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Proof. We remark that ip'^ — tpf = ^ LLtli'^i') for < i < j < [nT\ and define the partition 

of [i/n, j'/n] by vrJ-^+i = (tpi<fe<j with q = ^. Denote by M?;.'""+' = ^/l/ X^ntp^^, (V'D. now consider 
the partition vr-'^* = tt^^^'^^ — {t^} for i < k < j and then 

and by induction we obtain immediately that 

i-i 

k=i+l 

now for some convenience we denote by p"^ = Xt^tii^'q) and g^*^ = XtYtii'4'q/n) then using that ^/^ 
satisfies the Young equation we obtain 

i-i 

fc=i+l 

where 

i-i 



k=i "-fc 

For this term we have the bound 

^\^\^+Wo,\\x\\ (i -i)n~27. 

Now consider 

i-i 
fc=j+i 



and let 



max (^-^) |A"-A^-p" 



To prove our result is suffices to show that B''^nT\ ~ 0{n^ '^'^)- Observe that when |i — j| < I the sum 
appearing in the expression of A" — A" can be bounded by BJ[^^: in fact we have that 



\Xt^^t-^^m-Xtp-^^{i;^-i)-Xt^^^^^^^ 
where C = C{ip^,\\X\\) and 

Br < C{1 + Bt,)''\Br_, + n^"^^){l/nf^-\ 

When / = 1 we have that = and the result is clearly true. Now assume that for some I 
we have that Bf_^ < A and define the increasing map 9{x) = {l/n)'^'^~^{l + x)^~^^. Remark that 
9{n'^'^~^B'r) < v?^~^ B'r^^. Then if l/n is small enough we have that 9 admits a fixed point and that 
j^i-27^n < ^ < -)-oo where we take A is the limit of the sequence {xi) defined by Xj+i = 9{xi) and 
xq = 0. Now is suffice to iterate this argument to prove that bound hold for I < [nTj. □ 
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4.2 Regular equation 

In this section we study the convergence of approximations given by a standard PDE to the solution 
of the Young equations. Consider the fohowing regularized problem 

f dm = A^tdtnt + ULf^iUL^t), t>0 
[ ip{0,x)=UL(l){x)eC°°{T) 

with n is a differentiable function, cj) G L^(T), A = or id"^ and J\f is the non linearity given in the 
previous section, of course this Cauchy problem is equivalent to the mild formulation 



ft 



U'^IiL^+ [' Up{U^)-'ULM{ULips)ds (8) 
Jo 



or equivalently 



i;t = IlL(l>+ ^\u,^)-^UL^f{ULU^^Ps)ds (9) 
Jo 

with Ul^ = e^"'* and i/jt = {U'^)^^(pt, In the rest of this section we take A = and J\f{(f)) = dxcf)'^ for 
the case of the Schrodinger equation we can adapt exactly the same argument. Now we can check 
easily that the modulated operator X"'^ associated to the equation (9) is well defined and satisfy 

I I V^^L II <^ \+ \ 

W^st \\C'^(H^^,Ha^) >,n,L \t - S\ 

for all ai,a2 G and then by a fixed point argument we obtain the existence of a unique Young 
local solution v?"'-^ G C{[{),T%L'^) such that -0*""^ = (C^")"Vr"^ ^ C^{[Q,T%L'^) moreover we have 
that V''"^ G n/3>oCH[0,r*],iJ/3) and then clearly 

dm = Aiptdtut + ULM{IlL(pt) 
in the weak sense. To obtain a global solution is sufficient to remark that for all v (z L?' 

Js Jt 

= - I da I dxULiU''v{x)fdx{ULU''vix)f = 
Js Jt 

and then we obtain that 

/,'^,i||2 _ ||„;,n,L||2 , ll„in,L /,n,L||2 , l^i.n,L vn,L 



= UT''\\h + M''^-^l^T''\\h+Rst 



for all s,t e [0,r*] with \Rst\ < then we obtain that |||?/'r''^lli2 - Il'0"''^lli2| < \t-s\^ and this 

give us IIV'^'^II ~ l|nL'/'llL2. Using this conservation law we can extend our local solution to a global 
one. The mild eq. (9) has a meaning even when n is only continuous function. Let R > 0, T > and 
assume that sup^gjo.T] k^o-| < R then we obtain 

IIV'"'"^llci~'=([0,T],L2) ^1 l|-'^'"''^llci([0,T],£2)(IIV'"'"^llci-=([0,Ti],L2) + l|nL0||L2)^ 

for all Ti < min(l,r), using the fact that ||^"'^||ci([0,T],£2) <l sup^gp-p] |no-| <l R and taking Ti = 
ri(||ni</)||j;^2) small enough we can see that ||V'"'^IIci-=([o,Ti],l2) R- Finally using the conservation 
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law and iterating these results gives us that ||'0'^'''"IIci-=([o,t],l2) R- By a similar argument we 
obtain easily - V''''''^llci-^([o,r],L2) ^l,r sup^gjg^T] - nl\ for all ni,n2 G C{[Q,T],L'^) such 

that supg.g[o,T] I'^o-I — R for « = 1, 2 where -0" ''^,'0" are respectively the global solution of the eq. (9) 
associated to the dispersion v} and v? . Now let a regularization of the continuous p-irregular 
function w and assume that sup^g[o,T] l^^' ~ ^o-| -^N^+oo for all T > 0. Then the solutions 
{(p^'^)NeN of the regularized problem (7) with dispersion w'^ converge in C([0,T],L^) to (p^ which is 
the solution of the mild equation (8) with dispersion w: 

= u^ul^+ [\un{urr^nLM{UL^s)ds. (lo) 

Jo 

Finally we have 

Theorem 4.3. Let p > 3/4, T > and if^ , ip respectively the solution of the mild eq. (10) on [0,r] 
and the modulated KdV equation then 

with ipl: = {U^y^ip^ and ^pt = {W)~^Vt 
Proof. Using the equation 

JO 

we obtain that 

IIV'^llci/2([o,Ti],L2) ^ T1 ^^^SUp||X'^||c7([0,T],r2(L2))(||^'^||c-l/2([o^T^]^£,2) + ||</'||l2)^ 

and then taking Ti = Ti(||(/)||^2) small enough we obtain that sup^;^ IIV''^llci/2([o Ti] l'^) ~ ^up^ II-'^'^IIc^([o,t],£2(l2)-) < 
+00 using the conservation law we can proceed by induction to recover the interval [0, T] and then 
sup^, Il'0^llci/2([OT] L2) < +00. Now the same argument shows that 

IIV'^ - V'llci/2([o,T],L2) ^\\4>\\l2 ~ ^llci/2([o,T],L2) 

and then suffices to use the fact that \\X — X^\ \ Q (proven in Lemma 5.2 below) to deduce the 

needed convergence. 

□ 

5 Regularity of X 

Let w a /9-irregular path, the aim of this section is to provide the necessary pathwise estimates on the 
modulated operator X"^ in the various models we consider. 

Definition 5.1. We say that a n-linear operator X on the Banach space V belongs to X^y if 

1. For all T > we have 

for s,t £ [0, T] and for some finite constant C > which does not depend on w. 

2. If we let X^^tiifi, ...,^n)= ULXs,t{IlL^i, IlLfn) then Xl ^ X m djC^ C^'V . 
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Once appropriate bounds are obtained for the relevant X operators, the Young theory of Section 4 
gives a complete local well-posedness theory for the equation (including convergence of approximations 
and the Euler scheme). For the KdV equation and the non linear cubic Schrodinger equation we will 
see in the next section how we can obtain a global solution for an initial data (f) € H°' with a > 
using some smoothing estimates. 

5.1 Periodic KdV 

Here we will bound the modulated operator associated to the periodic KdV equation (ie: A = and 
Af{^) = V) on /f°(T). 

Lemma 5.2. Let a > —p and p > 3/4 then X E X2^a- 
Proof. Let ?/'i)'02 € H^. The Fourier transform gives 

ki+k2=k 

Prom an application of Cauchy-Schwarz we obtain that 

2 

< 



lkk^k2j^o^Z{kkik2)i)i{ki)i)2{k2) 

ki+k2=k 



hk,k2Mk2\-^''mikkik2)\^\Mh)\^ I IV'2 

ki+k2=k 



/ \^'^f{kkik2)\'^\ , , ,2, , ,2 

^ V 2a|I 2 a 1^^11.1^21^ 

\ki;kkik2^0,ki+k2=k \kl\ \K2\ I 



(11) 



where the supremum is taken over ki. And we obtain 



|X.,|^.„.<fEl^-|-« f^)"' (12) 

fci;fcfcifc2^0,fci+fc2=fc I'^ll l^2| y 

The /9-irregularity of w allows to estimate this bound by 



^ ki;kkik2f^0,ki+k2=k Fl I r2 | 

Now if we remark that < + < 2 and if we take a > —p and p > 3/4 we obtain that 

E l^f sup ( JL)2"+2-2p < V < +00 

which gives the claimed regularity for X. As far as the convergence of X^ is concerned we let 0i, 02 € L"^ 
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and observe that 

||Xii(0i,02)-X,t(</.l,</.2)||l 



|fc|<L 



\k\>L 



2 

E Mki)Mk2mikkik2: 

ki+k2=k ,kik2y^0 



< U,|2 



sup |«.^,(A;fciA:2)P+ ^ |A;|2 sup \^stikkik2)\ 



\ki\>L;ki+k2=k 



\k\>L 



k\,k\+k2=k 



Using this bound with the fact that w is p-irregular gives us 



ll^^-^lb([o,T],£^(L^)) <-,tEI^I'"'' \ki\-^'\k2\-^' + E \k?-^'^Mkik2\-^'' 

^ |fci|>L;fci+fc2=fc |fc|>L 

for some 7 > 1/2 and p > 4/3. Now the r.h.s of this inequahty vanish when L goes to the infinity, in 
fact choosing > small enough we have 

^ sup \k,\-'P\k2\-'^' <v ^^-+- 

y. \ki\>L;ki+k2=k ^ 



and 



|fc|>L '^'^ \k\>L 



and this finishes the proof. 

Now we will give an improvement of the Lemma 5.2. 



□ 



Lemma 5.3. Let p > 4/3 , a > —p and /3 < a + 2p — | then there exists 7 > 1/2 suc/i that for all 
T > i/ie following inequality holds 

/or a// 4'i,4>2 € where CT,a,i3 < +00. 
Proof. Eq. (12) can be modified to give 

1^ fA. ^ ^ U |2 U |2 \-|i.|2+2/3 /^^|i(3^felfe2)P \ 

|^st(<?'i,02)|jy/3 < |<?'i|/f^|<?'2|/fc. 2^ |A:| ^ ''sup \k^\c^\k2\'^ J 



an 



-2a-2p 



if /3 < a + 2p — 3/2 which finishes the proof. 



□ 
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5.2 Periodic modified KdV 

In the case of the periodic modified KdV equation we have A = and M{u) = du{v?' — \ \u\'^) and 
the Fourier transform of the modulated operator X reads 

^.t(V'i,V'2,^3) = ikY,^i{ki)Mk2)^M^Z{'^{k - k2){k - ki){k - ks)) 

where the star under the sum mean that fci + ^2 + /^s = k,kik2ks ^ and k2,k-^ ^ k and we have used 
the algebraic relation k^ — kf — k2 — k^ = {k — ki){k — k2){k — k^). By Cauchy-Schwarz 

\Xstii^,,^P2,i^3)\l^ = E \k\^''^^\Y.Mh)Mk2)Mh)^7tm - k2){k - k^){k - kM^ 

k * 

< E l^l'"^'(E \kik2k3l^''mm - k2){k - k^){k - A;i))|2) 

k * 



< (sup |A:|2"+2 V \kik2k^\~^''\^l{2{k - k2){k - k^){k - ki))\^)\\MHA\M\lAm\l'^ 
MO V 

from which we obtain that 

\Xst\l^H'^ < sup V \kik2k3\-^^\<^>ft{2{k - k2){k - k^){k - ki))\\ (13) 

Now we will give a lemma which help us to bound our operator 
Lemma 5.4. Let a > 1/2 and p > 1/2 then we have 

E - ^r'' |A:|— -(2a,2p-.) 

for all e > small enough. 

Proof. We begin by decomposing our sum in two region in the following manner 

where ^ ^ 

" ^ \k2\'^^\k-k2\^P' ^ Tfc^FlT^A^' 

fe2^0,/o;|fc-fe2|<2|/o2| ' ^' ' ^' fc25^0,fc;|fc-fc2|>2|fc2| ' ^' ' ^' 

Remark that if \k — k2\ < 2|A;2| then \k\ < 3|/c2| then we have 

' ' fc27^0,fc;|fc-fc2|<2|fc2| fc25^fc ' ' ' ' k2yt0 ' ' 

For the second term I2, we begin by noting that if |/c — /C2I > 2[/c2| then \k\ < \k — k2\ so 

< ^ 1 

^2 ~ |^|2p-. 2^ 1^ |2«+s < 

' ' fc27^0,fc;|fc-fc2|>2|fc2| ' ' 

□ 
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Now using the inequality (13) and the (/?, 7)-irregularity if w we have 

\Xst\c'^H'' < sup Ifcp ^ |feiA;2fc3r'"ICi(2(fc - k2){k - k^){k - ki))f 



-2a 1 



< c^jt - sr sup \kr'- x: i^i^^^3i 1^ _ ^^,,,|^ _ ^^|,,|^ _ ^^p, 

where Cw.e,T is a finite constant. 

Lemma 5.5. For all a > 1/2 anrf p > 1/2 we /laue t/iai 

/ = sup |A:|2+2" y |A;iA:2A;3r2"^ , —r^ < +oo 

fc^o * \k - k2\^P\k - k3\^P\k - kil^P 

Proof. Now the inequahty |A;p° = | - /ci + A;2 + A:3p" < + |A;2p" + |A:3p" gives 

^<sup|A;|2 ^ \k2k3\-^''\k-k2\-^f\k-k3\-^f = sup\k\^{ Ikl'^^lk-hl 



Then using the Lemma 5.4 we conclude that / < +oo when a > 1/2. □ 

Theorem 5.6. Let p > 1/2 then there exists 7 > 1/2 such that X G C {[0,T], H°') for all a > 1/2 
and T > 0. Moreover if a > 1/2 we have that X € X-^j^a- 

5.3 KdV on R 

Here we treat the operator X associated to the KdV equation on the non-periodic case. By a simple 
computation we see that the Fourier transform of X is given by the convolution formula 

Xstii^i,ip2)ix) = ix / <^ft{xy{x - y))4!i{y)tl^2ix - y)dy 

JR 

We begin by treating the case a > 0. Cauchy-Schwarz inequality gives 

|2 /„„„/„\2a, ,2 f \'^ft{xy{x - y))]"^ 



\Xst\\Hc, <sup(x)""|x|^ / ' -^dy 

xm Jr {yy^Kx-yy^ 

dy 



< l|$'"||wp.^|t-srsup(x)2°|x|2 / 



(y)2°(2; - y)2"(l + \xy{x - y)\yp 



and then we have to check that 

dy 



I{a) = sup (x) 2" I x 1 2 [ 



- 2/)2"(l + \xy{x - 



< +00 



with a > 0. Using the fact that (x)^" < + (x — t/)^" we obtain I{a) < 7(0) and then is sufficient 

to prove that 1(0) is finite. We will decompose this quantity as 1(0) = + + /'^ + where 

= sup |xp [ —— — p- -T-2- < sup |xp~^^ [ l^r^^dy < +00 

\^\>'^ J{\y\>l/2;\y~x\>l/2} {^ + \xy{x -y)\yP |^|>1 J{\y\>l/2} 
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when p> 1/2. 

dy 



/2 =2 sup |xp 



jx|>l 
< 



y\<i/2 {l + \xy{x-y)\YP 



N>i 4i<i/2 (i + ^'lyl)'" 



< 



|,|>2 (1 + IVI)"' 

and finally the last term can easily bounded by 



|x|<l ■J\y\<2 
In the case a < we will bound our operators by 



= sup |xp / (1 + \yx{x - y)\r'^Pdy < 4. 

IxKl J\v\<2 



mi{xy{x-y) )\^ 

ki>i |y|>i/2;|x-y|>i/2 {y)'^°'{x-yy 



iix.,ip</ sup " 



+ 2 sup(x)2°|xp / 

|x|>l 



2q 



\y\<i/2 {y)'^°'{x-y) 



2;|<1 



(y)2"(x - y) 



The integral Ji correspond to the high-high-high part and cant by treated by similar argument used 
in the periodic setting in fact 

r ( II \2"+2p 

J^<,AW\W\i-^V \ sup , , <+oo 

^ 7|x|>i vij/i,|x-j/i>i/2 

when p > 3/4 and a > —p. For the term J2 we remark that if \x\ > 1 and |y| < 1/2 then |x — y| ~ |x| 
and 

J'<\\<l>n\w-^\t-s\''snp\x\' [ < f{l + \z\)-'Pdz<+oo. 

\x\>i J\y\<i/2 (1 + \x'^y\r'' Jr 

Now split = J^^ + with 

J- = sup i.f / if':f -^f <.i*-4 

ix|<i 7|j/i<2 W {x-y) 

If l^l < 1 and |y| > 2 then |x — y| ~ |y| and 

when a € (—3/4,0] and a > —p. These considerations results in the following regularity for X: 
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Proposition 5.7. Let p > 3/4 then there exist 7 > 1/2 such that X £ C^([0,T],F") for all T > 
and a > — min(3 /4, p) . 

The restriction of the regularity at —3/4 is imposed by the low-highy frequency term in the proof 
above. To bypass this difficulty we will consider distribution spaces given by the following definition. 

Definition 5.8. We say that f G V.a,i3 if f G 5"(R) and J^^ |0Q,^^(a;)p|/(a;)pdx < +00 where 9a, /six) = 



Observe that H"' = T-La,o is the homogenous Sobolev space. Now as in periodic case by simple 
computation we have that 



Now the problem with this bound is that the terms in r.h.s admit a singularity at the origin which 
not exist in the periodic case to bypass this difficulty we will give another bound of our operator in 
the region which poses a problem. 

Lemma 5.9. There exist a universal constant C such that the following inequality holds 



\x\°'+P 





< C(sup |x|>„,/3(x)p 

lxl<l 



^lt{xy{x - y))? 




\y\<2 \da,p{y)?\^o,,p{x - y)\ 




(14) 



Proof. Let ipi,il^2 £ then by definition we have 




h+h 
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Now we begin by study the term Ii, then by Cauchy-Schwarz we have: 



J\x\<l •^|j/|<2 

+ / \x\^elp{x)\ I <^ft{xy{x-y))My)Mx-y)dy\'^dx) 
J\x\<i J\y\>'i 

By the same argument we can show that I2 satisfy the following inequality : 



X>1 



\'^f,{xy{x - y))\ 



2 



h <3(sup \x\'eiJx) / 1^ ; 101^ / Mo dj/ 



+ sup ixi ^"./3(-)y^|^|^ i^„,,(,)n0.,,(x-y)r'^ 



X >1 



2 



+ [ \x\H' (x) SUP 

which finishes the proof. □ 
Now to obtain the Young regularity we have to bound this five kernel 



|2 



jhhh_ f , ,2^2 _ \^ZMx-y))\^ 

If, = sup \x\^KA-)\' [ w^f^rn^^^- 

\x\<l J\y\<2 \Oa,fi{y)r\Oa,fi[X - y)\^ 

jih _ f , ,2^2 _ \<^f,ixyix-y))\^ 

IT = sup \x\HlAx) [ I '?S"7^^'\|2 d^ 

- SUD f \<l>ft{xyix-y))\^ 

Now we will begin by the term which contain the high-high-high frequency : 

J\x\>i {\v\>in;\v~x\>in\ \y{x - y)\^"+^p 



\x\^-^P sup ( , ,, )'"+'^dx < +00 

2-'i>i {|j/i>i/2;is/-2-i>i/2} 



if a > — 1 and /) > 3/4 small enough. Now for the term which contain the low frequency we use the 
inequality |4'^j(a)| < |t — s| and then : 
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if —1 < a + /3 < 1/2. Now we will focus on the low-high frequency term, and we begin by remark that 



\t-s\ 

inequality we obtain that : 



by interpolation we have that |$^^(a)| < j^p" for one 7 > 1/2 and all p' G (0, p], then using this 



4? <«,/3 \t-sr I sup dx < +00 



lx|<i \y\>2 \y{x - y)\ 



when we can choose p' G (0, p) PI (—a, a + /3 + 3/2) and this is possible if and only if 2a + /3 > —3/2, 
a > — p and a+/3 > —3/2. Now it remains to study the two terms /^/^ and 1^1^'' but by symmetry these 
terms are essentially equivalent then it suffices to treat only one of them. Let us for example treat the 
term Igj'^ then we begin by noting that if \x\ > 1 and \y\ < 1/2 then |x| — 1/2 < |x — y| < \x\ + 1/2 
using this fact we have : 

1^1' <\t-s\^ sup |a;|2-+2-2p' f „.,..^.. dy 



< |t - sup \x\^-^f>' I , ,2a+l/3W ^^ < 

when we choose p' G (0, p) Ci {1/2,1/2 — a — f3) and this is possible if and only if a + /3 < Then we 
have the following lemma. 

Lemma 5.10. Let p > 3/4 ,a > —p and —a > /3 > with (5 + 2a > —3/2 then there exist 7* > 1/2 
such that for all T > the following inequality holds 

for all (s,t) G [0,r]2 where C = C{T,(3,a) > 0. 

Corollary 5.11. Let p > 3/4 and > a > max(— 3/4, —p) then there exist 7 > 1/2 such that for all 
T > the following inequality holds: 



\^st\c'^n" ^ C\\^'^\\-y^P,l\t - s\'^ 

for all (s, t) G [0, T] where C = C{T, a, p) > 0. 

Proof. The condition a > —3/4 ensures that you can take /3 = in the Lemma 5.10 □ 
5.4 Periodic cubic NLS equation 

Proposition 5.12. Let p > 1/2 then there exist 7 > 1/2 such that for all T > and a > we have 
X G CT([0,T],if°). Moreover if a > then X G X^^h'-. 

Proof. By definition ^^('i/^i, ■02, V's) is a trilinear operator with Fourier transform given by 

«i,6,S36Zo 
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where = Note that ^2+^f-^|-^| = 2(^-^2)(C-C3) under the condition that ^ = -6+6+C3- 
Setting H = 2(C - - Cs) we get 

KV',x2(Vi,V'2,^3))l < E i?^6,6l^M(s)|^(0*Vii(6)*V'2(6)v;3(e3) 

By by now standard apphcation of Cauchy-Schwarz we get 

KV,X2 (V'l,V'2,V'3)>| < (^^^^)l/2 |a|-2P|$-(a)|||^|U||^l||„||V;2||a||V'3|U 

with 

= sup Yl k^i2,^3\^n^i^2^3\-'''m-''. 

Some condition on the finiteness of the constant Ia,p,p are enough to control the regularity of the 
operator X^. Since a > 0, by using that < l^iP" + l^2p" + |'^3p'^ we have la^p < /o,p moreover 



/o,,= sup I^^^^ie-Cal-^'' ^€^61^-^31" 



2p 



lia) := 



Is then easy to see that all these sums are finite provided \ < 2p which means that we can take any 
p > 1/2. Now for the operator we have the following bound 

||^i(V'l,V'2,V'3)lk- < 2{t - S)\\i;i\\a\\4'2\\a\\i'3\\a 

and this finishes the bound of the operator X. □ 
5.5 Cubic NLS equation on M 

Lemma 5.13. Let (^i)j=i,..,4 S L^(M) and define the following integral 

/ dxidx2d2;3|x2 - Xi\'^\^f^^^{2{x2 - Xi){x3 - Xi))\ 
X |V;i(xi)||V;2*(^2)||(^3)*(x3)||(^:)*(-^l+^2 + X3)| 

,en we have the following bound 

I{a) < \S2 - Si\'^Ui=i^,A\lpi\L2(R) 

when a G [0, 1) and p > 1/2 + a or a = 1 and /? > 1 

Proof. In the case a < 1 let us split M'^ = ^i=i^...^4,Di with 

Di = {{xi,X2,X2,) € M^; \x-2 - xi\ > 1, jxs - xi\ > 1}, 

D2 = {{xi,X2,X3) G M^; \X2 - xi\ < 1, jxs - xil < 1}, 
D3 = {{xi,X2,X3) G M^; \X2 - Xi\ < 1, |X3 - xil > 1}, 
D4 = {{xi,X2,xs) G M^; \x2 - xi\ > 1, |x3 - xi| < 1}. 



th. 
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According to this split I{a) = 4/j. By Cauchy-Schwarz we have Ii < J;n^^^|'0j|j^2(]g-) for 

I € {1,2,3} and using the {p, 7)~irregularity of w we have 

Jl = sup / dX2dX3l{|2,2_a.^|>i.|a.3_a.^|>l}|x2 - Xi\'^°'\^'^^^,^{2{x2 - Xi){x3 - Xi))\'^ 

= / dy2dy3l{|,,|>i;|,3|>i}ly2p"|$ri..(2y2y3)P 

<\S2- Sll'^^i I I \L-2a ^y^'>( I |— I2^^y3) < +00 

J\y2\>i mr'^ J\ys\>i mr'^ 

when p > a + 1/2. To bound the term J3 we use again the {p, 7) irregularity of w and we obtain 

j| = sup / dX2dX3l{|^2_^j|<i,|^3„^j|>l}|x2 - xip"|$^^7.(2(x2 - Xi)(x3 - xi))p 

= I dy2dy3l{|,.|<i;|,3|>i}!y2p"IC,(22/2y3)|' 

^ l«2 - SlP^ / |y2|'"( / -— ^--2-dy3)d2/2 

^|y2|<i y|j/3|>i (1 + iysysl)^^ 

^|y2|<i 1^2!^ (1 + l^sl)^'' 

when p > 1/2, a > and this give us the bound for I3, we remark also in the case a = the integral 
/3 and I4 are essentially the same by symmetry and can be be bounded using the same argument. 
Now we will focus to bound the term J2 for that we use only the bound |'^^jS2(^)l — k2 — si| which 
is valid for all a S M, in fact we have 

J| = sup / dX2dX3l{|3.2_3,^|<i.|3,3_^^|<l}|x2 - xi\'^°'\^f^,^{2{x2 - xi)(x3 - xi))|2 

xi JR2 



d2/2dy3lI{|j,2|<l;|j/3|<l}ly2p"ldT(22/2y3)P 
< |S2 - Sip 

all these bounds give us the estimates for (/;), / € {1, 2, 3} then we will focus on the last integrals. To 
bound the integral we proceed in a different way, to simplify the notation let rj = 2(x2 — xi)(x3 — xi) 
and then using the Cauchy-Schwarz inequality we have : 

dx2l\x2-xi\>l\x2-Xl\'^\<^siT{v)\\'4'2{x2)\\'lp4{x)\ < SUp(][|a,2_^j |>i |x2 -Xi | ^>5iS2 (r/) | ) | V'2 |l2 (jj) | ^^4 |l2(jj) 

X2 

now injecting this inequality in /4 and using Cauchy-Schwarz and Young inequality we obtain that 

h<{\ dx3dXiI|a.3_2.j|<iSUp(I|^2_2,j|>l|x2 - Xi|°|$^j^2(ry)|)|Vii(xi)||V'3(a;3)|)|V'2|L2(K)|'04|L2(R) 
JR2 X2 

= ( / \i^sAxi)\{ I \^^x^\<isn^{l\x2-xi\>\\x2 - xi\"\^'^^^^{r])\)\'^^^ 

JR JR X2 

\ 1/2 



< 



< 



I|z3-xi|<isup(l|^.2_^i|>i|x2 - xi\°'\^'f^,,^{ri)\)\ips{x3)\dxs 



X2 



dxi |V'2|l2(M)|^/'4|l2(ik)|V'i|l2(R) 



sup (|y2nC,(2y2y3)|)dy3nf=i|V^|L2(R) 

I?^3|<1 |j/2|>l 



< IT - s^\mummR) sup (k2r(i + \Z2\)-') I lyr^dyg < +00 

Z2 J\y'3\<^ 
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when a < 1 and p > a. As was noted previously this gives us also a bound for I3 when a = 0. Now to 
treat the case a = 1 we proceed as in [14]. Indeed after change of variable we can rewrite our integral 
as : 



/(!)= \x\[ \Myi)\\Mx - yi)\ ( \My2)\\M^ - y2mis2iMy2 - yimy2 ] dyi \ dx 

and then by Cauchy-Schwarz and Young inequality we have 

/(l)<(sup|x| / |$r,T(2xz)|dz)nti|V'i|L2(M) < |s2-5ir(/ (l + |z|)-''dz)nti|V'i|L2(K) 

and the r.h.s is finite if p > 1 which finish the proof. □ 

Proposition 5.14. Let p > 1/2 and X the modulated operator associated to the NLS on R then there 
exist 7 > 1/2 such that X € Ci'([0, T], for all a > 

Proof. Let (V'j)j=i,2,3 G and ip/^ € H~" then by a simple computation we have that 

\{ipi,Xstilpl,i>2,iJ3))\ < / {\x\~'^\^4{x)\)\x\'^\xiX2X3\~^"\-Xi+X2+X3\"ni=i^,-s\xi\"\4>i{Xi)dxid^ 



(15) 

with X = —xi + X2 + X3 now using the fact that \xi\'^ < ja^il" + \x2\'^ + ja^sl" and the lemma 5.13 we 
obtain immediately \{ip4, Xstiipi,ip2,ip3))\ < 1* - s|'^|V'4|-Q:ni=i,..,3|V'|a- □ 

5.6 Cubic non linear Schrodinger equation on 

To extend the previous results to the modulated Schrodinger equation on we need to obtain 
regularity estimates for the appropriate X operators. Here ^^(■^i, -02, V's) is a trilinear operator with 
Fourier transform given by 

?=-?l+6+?3 

Note that + 16 P - I6P - iCsP = 2(C - 6, C - 6)e2 = S under the condition that ^ = + + 6- 
Then X has the expression 



^Xs,t{l^ui^2,^3m = y 5^,^,,53eK^ c^^i(H)V^l(ei)>2(6)V'3fe)d6de3. 

Using the {p, 7)-iregularity of w we can easily obtain that 



< j'/^lt-Spm.aUiUlMaimia 

with 

^=sup / (i + 2|(e-e2,e-e3)i)-'''(i + iePr n a + ied')-"de2de3 



?=-6+6+?3 i=l,2,3 
Lemma 5.15. The quantity J is finite when a > 1/2 and p > 1/2 
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Proof. Inserting the estimate (1 + ^ Y^i=ii^ + l^iP)" obtain that J = Ji + J2 where 

'/i = sup / (i + 2|(^-^2,e-e3)i)-'''(i + ie2p)-"(i + i6i')-"de2de3 

?=-?l+6+6 

and 

^2 = sup / (i + 2|(c-C2,e-e3)i)"'''(i + i6p)~"(i + i6i')~"d6de3 

? = -?l+?2+43 

Let us consider first the Ji contribution. Let = ^ — ^j, i = 2, 3 

dg2 /■ dga 



"""^ ' (1 + 9212)- (1 + 21(92,93)1)2^(1 + |C + 93|2)- 

Write 93" , 93 € IR for the perpendicular and parallel components of 53 G -with respect to q2 and 
similarly for ^ and bound 



Ji < sup 



dq2 f dq^ f dq; 



?eM2 V (1 + le + 92|2)" 7k (1 + + gJ-|2)" A (1 + 2\q2\\ql\yp 
dq2 f dq^ f dql 



sup 



(1 + le + g2|2)" (1 + \qi\^r Jm (1 + 2\q2\\ql\)^P 
now note that for a > 1/2 and p > 1/2 we have 



f dq, 



{l + \qi\^r M {l + 2\q2\\ql\)^P 
so that 

^ f dg2 

5giR2 7nj2 (1 + \s, + q2rnq2\ 

for a > 1/2. To estimate the J2 integral we rewrite it as 

j2 = sup/ / (i + 2|(ei-6,c-e2)i)-'''(i + i6p)-"(i + i6i')-"de2dei 

f GIR2 



where we used that C ~ ^3 = ^,2 — Ci- By writing (71 = ~ C2 and (72 = — ■^2 we get 

dg'2 /■ dg'i 



J2 = sup 



(1 + le - 9212)" J^^ (1 + 2|(gi, 92)1)2^(1 + \qi+C- q2?r 
Write qi, q^ for the perpendicular and parallel components of qi with respect to q2 to get the estimate 
T ^ f dg2 f dq^dql 

J2 < sup / 7- njr- / n 

(m^jR^ (1 + IC - g2|2)- Jk^ (1 + 2|g)||g2|)2^'(l + +C^|2)« 
again the condition a > 1/2 allows to bound this last quantity as 

, /■ dq2 [ dqi 

< sup ' ' 



{'^ + \i-q2?Y h{i + 2\(^[\\q2\Yp 
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and p> 1/2 subsequently by 

dg2 



< sup 



^eR^Aa (1 + - 92 P)" 192 1 
which is finite when a > 1/2. □ 

Theorem 5.16. For all p > 1/2 there exists 7 > 1/2 such that for all T > the operator X belongs 
to CT([0,r],i/"(M2)) /or alla> 1/2. 

5.7 The derivative NLS equation 

Here we will focus on the modulated Derivative non linear Schrodinger equation (ie: A = id"^ and 
M{u) = d^{\u'\^ — \ \u\'\^)u for > 0. Now the Fourier transform of the operator associated to this 
equation is given by 

^st(V'i,V'2,V'3) = (iA;)'5^V'i(fci)>2(A:2)V'3(fc3)Ct(2(A: - k2){k - ks)) 

* 

where the star under the sum means that we have —ki + k2 + k3 = k and /c2 k,ks ^ k , kik2k3 7^ 0. 
Standard application of Cauchy-Schwartz gives 

WXstWl^ < sup |A;|2-+2e V \kik2ks\~^"\'^^,i2ik - k2){k - h,))\^ 
then using the fact that w is (7, p) irregular we obtain 

WXstWlc. <u,,e,T \t - sup ^ | fci ^2 A^g | "^^ | - k2\-^P\k - A^sl"'^ 

with s,i € [0,T], then is sufficient to prove that 

/ = sup \kik2H~^''\k - fcaT^I^ - ^2!"^^ < +00 

* 

for that we will need the following lemma. 

Lemma 5.17. For p > max(l/2,^/2) and a > ^6 then the following inequality holds: 

E \r'''\k-i\-''<\k\-' 

Proof. The proof of this lemma is very similar to the proof of the Lemma 5.4. We begin by decomposing 
our sum in the following way : 

^ |Z|-2a|^_^|-2p^ ^ |/|-2«|fc_;|-2p+ J2 \l\-^"\k - 

l^k,0 lj^O,k;\l-k\<\l\ lj^O,k;\k~l\>\l\ 

-I I 2^m2^~^l I 2^ \l\2a+2p-e r^S,a,p 

□ 

Lemma 5.18. Let p > max(^, 1/2) and a'>\9 then I < +oo. 
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Proof. If we use the fact that < j/cip" + |/c2p" + l/cgp" we obtain 



I < sup |A;p^ ( ^ |A;2A:3p"|A: - k2\~^P\k - + ^ \hk2\-^''\k - k2\-^P\k2 - ki\~^n 



2 



k 

= h + h 

Now by the Lemma 5.17 we have 



<sup|fe|2M \k2\-''''\k - k2\-^P +sup|A:|2^ J^|A:iA:2|-'"|A:-A;2|-2''|A;2-A;i 



-2p 



/i =sup|A:|2^( \k2\-^''\k - k2\-^''f < +00 
for /9 > max(0, 1/2), a > ^0. It remains to treat the second term which requires a bit more work: 

/2=sup|fc|2^ \k2kll^''\k2-kl^P\k2-kil^P 



ki,k2 



sup 



E i^2r'"ifc - ^21"''' E \ki\-'''\k2 - k.i^" < sup \k\'' Yl \k2\-'''''\k - k2r'' 

k2 ki ^ k2 



<sup\k\'% Y \k2r"^~'\k-k2r'''+ Y \k2r"^~'\k-k2r'n 

k2;\k—k2\<\k2\ k2\\k—k2\>\k2\ 

<sup(|A:f-2") + sup Y |A:2r"|A:- A:2r^^+2^ 

^ ^ k2;\k—k2\>\k2\ 

< SUp(|fcr-2") + Y M-^'^-''^' < +00 

if p> max(l/2,6'), a > □ 

Theorem 5.19. Let p > max(l/2, 61/2) then there exist 7 > 1/2 such that X G {[0,T], H°') for all 
T>0 anda> \e. 

6 Global existence for the modulated KdV in Sobolev spaces with 
non-negative index 

In this section we will concentrate on the periodic modulated KdV equation on T and M and on the 
NLS equation on T. We prove the existence of a global solution for an initial data (p € i?°(T) for any 
a > in spite of the fact that the modulation breaks all conservation law apart from that associated 
to the norm. 

Let us recall how we can establish the L^-norm conservation in this case. 

Proposition 6.1. Let u the local solution of the periodic modulated KdV equation with initial data 
(j) € L^(T) and vt = {Uf)~^ut for t € [0,T] where T = T(||(^||£2) is the life-time of the local solution 
then we have \ \vt\\2 = \ \4'\\2 for all t G [0,T] and we can extend the local solution into a global one. 
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Proof. Let ■0 a smooth function then we have by integration by part formula 

Js JT Js jT 



T 



and then we have that 



f^tWl = \\Vs\\l + {Vs,Xst{Vs,Vs)) + \\vt- VsWl + Est = \\Vs\\l + \\vt - Vs\\l + R 



■St 



where \Rst\ ^ \t — with 7 > 1/2 and then we can see that iH^^tHi ~ ll'^sllll ~ 1^ ~ s\"'~^^^'^ which 
give us our result. □ 

Now using this proposition and the smoothing effect for X we obtain the global existence for the 
equation in the Sobolev space with non negative index. 

Proposition 6.2. Let a > 0, (f) ^ and T > then there exist a unique v G C^/^([0, T], i?") such 
that vt = (/) + /q X^rriva, Va)da holds for all t G [0, T] 

Proof. Let 4> ^ Lp' then we using the local existence result we know that there exists k = K(||(^||i2) > 
and a unique v S C^/^([0, k], ff") solution of the Young equation associated to X in [0, k]. Moreover 
we have the conservation law ||wj||l2 = ||t;o||L2 and this allow us to iterate our local result to obtain 
global a solution defined on [0, T] for arbitrary T > 0. Now to extend this local we use the lemma 5.3 
in fact let a > and (j) € i?" then is obvious that (f) ^ and using the Lemma 5.3 and the fact that 
V satisfy the Young equation we have easily that 



2 



\\vt - VsWh, ^T,||X||^,(p^^j ,.,^2,^^)) I* - ^r(lbllcV2([o,T],L2) + |<^|l2) 

for all < /3 < 2p - 3/2 and then v G C^/'^{[{),T],Hp). By iterating this result we see that v G 
(^1/2 (jja^ [0, T]) and this finishes the proof. □ 

Remark 6.3. The hound of the operator X allows us to construct a local solution even when the 
initial data is in a negative Sobolev space (a > —p). The method presented in this section gives the 
possibility to construct a global solution only in the case when we deal with initial data in a positive 
regularity space. In the next section we present an adaptation of the almost conservation law method 
developed in [8] which will allow to control global solutions in negative regularity spaces. 

6.1 Cubic NLS equation 

Here we obtain global solution of positive regularity for the modulated cubic NLS equation. 
Lemma 6.4. We have that for any cp G and any < s <t: 

GR 

and there exists a constant Cr such that for all cp G with \\4>\\ho < R we. have 

I u + XsM^ (p, (/.)lko - ||(/.||ho I < CR\t - spT. 
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Proof. We start observing that for smooth (p: 

Integrating in s and extending to arbitrary (j) S we get the claim. Then \i cj) ^ we have 



SO 



.st[ 

" '"ho 

□ 

At this point the Lemma (4.1) allow us to obtain the conservation law for our equation in and 
extend in this space the local solution in a global solution. Now we prove the existence of a global 
solution for an initial data in H°' with a > 0. 

1/2 

Proposition 6.5. Let G if" and T > then there exist v € Cj! H" such that the following equality 
holds 

ft 



vt = 4>+ / Xd^{va,Va,Va) 
Jo 

for all t G [0,r]. 

Proof. The existence of the global solution for an initial data in € is given by the conservation 
law 11^*11^2 = II</'IIl2- Now we will focus on the case when (p G PP^ and we decompose our modulated 
Schrodinger operator X as 

= x'^^ + x'^^ + 

with 

j^x''J{i^,,^P2,i^3){k) = MhrMh)Mhm{{k - k2){k - k^)) 

(fci,fc2,fc3)eDfe 

for j G {1,2,3} and where D'l = {-ki + k2 + k^ = k,k2 ^ k,k3 ^ k} n {\ki\ > \k\/3}, = 
{-ki+k2 + ks = k,k2^k,k3^k}n{\ki \ < jA;|/3, |A;2| > |fc|/3} and = {-ki + k2 + k^ = k,k2 ^ 
k,k3 ^ k} n {\ki\ < \k\/3, \k2\ < \k\/3, l^sj > |A;|/3}. Using Cauchy-Schwarz inequality we have the 
following bound 

1 1 X,'/ ( Vi , ^^2 , V's ) 1 1 < 1 1 V'i I Ui^j HP sup \k\ 2^+2- 

k 

Y: \k,\-'^-''' (Il^^J\kr'') I'^ftm - k2){k - kM' ^^^^ 



for /?,£ > then using the fact that \k\ < \kj\ on D- and using the /9-irregularity of w we obtain 

when p> 1/2 and then we have that for aU T > there exist 7 > 1/2 such that X'^^ £ {[0,P], (H"'^ 
for all /3,e > 0, of course the same statement holds for the other operators. Now let us define the 
norm on C'^/^{[0,T], H^^) by ||V'||/3 = I IV'I Ici/2([o,t],h/3) + I IV'I lcO([o,T],H/3) for /3 G M and the map T by : 

r(V^) :=(/.+ f X^.iij,) 
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for ip G C^/^([0, T], i?"). By a simple computation we see that 

\o<,,^m\l+T^~'/'\ml 



Now if < T < Ti is sufficiently small then the equation r = \\4>\\l2 + T"'~^/'^r^ admits a positive 
solution r* > and the closed ball Br* =: {V' € C^/^([0,T],L2); 11-0110 < ?^t} invariant by T. 
Moreover we have that 

lir(v^i) - r(02)||o <^,^ T^-'^'Wi^i - Moil + ir'f) 

and then T < T2 < Ti sufficiently small, F is a strict contraction on Bj.* which admits a unique 
fixed point v. Let Tb^* the restriction of T on Br* and use the fact that 

ie{i,2,3}-^° 



and the regularity of X'^^ to deduce that 



a ■ 



Then B{0,R) := {ip G C{[0,T],H^); ||V'|| < R} is invariant by Tb^, for T* = r*(||0||i2) small enough 
depending only on r* > 0. Being the bah closed in C^/^qq, T], L^) we have that v € C^/'^{[0,T*], H") 
and now is suffice to iterate this result to obtain a global solution in H". □ 

6.2 KdV on M 

Here we go back to the KdV equation to prove the global existence of the modulated KdV equation in 
non-negative Sobolev space. Now as in the proposition 6.5 we will decompose the modulated operator 
X of the KdV equation in the following way 



where 



X = X^ + 2X'^ +X^ + X^ 



J^Xlt{ipi,'il;2) = ixli^\>i / V'i(2/)^2(a; - y)^'ftixy{x - y))dy 

Ay\,\'-^-y\>^f2 



J^^sti'^i''^2) = «rf|z|>i / V'i(y)^2(x - y)^ft{xyix - y))dy 

J\y\<l/2 

-^^si(V'i,'02) = ixl\^\<i / My)Mx - y)^ft{xy{x - y))dy 

J\v\>2 



and 



•^^stCV'i, ^2) = ix\\^i / '0i(y)^/'2(a; - y)^'^^{xy{x - y))dy 

J\y\<2 

As in the periodic case the operator X^ have some smoothing effect more precisely 



11X1,(^1,^^2)110+. < |t-sn|</.||a||<^2|U 

for a, e > and e > small enough moreover we have the following bound 

I l^st (^1 , V'2) 1 1/3 < |t - ( 1 1 V'l I U 1 1^-2 1 1/3 + 1 1 V'l 1 1/3 1 1 V'l I U) 
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for all a,/3 > 0. We will focus on the operator X"^ . By a usual argument we have that 

\\Xl{^^,^2)\U+e <\t- sn|V'l|U||^2|U+. sup / (1 + |yx2|)-2p < +oO 

I^I>1 •^|y|<l/2 

when p > 1/2 then for ah a, e > and T > we have e C"^([0, T], ^^(ij" x For 
the third operator X"^ we have the bound 

\\X^t{^|Jl,iJ2)\\a+e<\t-s\^\\^Pl\U\^P2\\a sup / (l+y2|x|)-2p<+00 

|x|<l J|j;|>2 

for a,e > and then g C"1'([0, T], x for all T > 0. Of course we have the 

same regularity for the operator and the global existence for the KdV equation follow by the same 
argument used in the proof of Proposition 6.5. 



7 Global existence for the modulated KdV equation in negative 
Sobolev spaces 

In this section we prove the global existence for the KdV equation with rough initial condition (p € 
H"{T) with negative a. For the unmodulated equation with initial condition in negative Sobolev 
spaces [8] proves global existence using the so called "I- method" . In this section we try to adapt this 
technique to our context. To do so we have to study the rescaled Cauchy problem associated to the 
modulated equation and then give an almost conservation law for the rescaled local solution. 



7.1 Rescaled equation 

Here we study the rescaled solution of our equation we know in the deterministic case if ti is a 
local solution of KdV equation on [0,T] with initial data (j) € H°'{T) then the function defined by 



u 



is once again a solution of the KdV equation on [0, A^T] with initial data 
(j)^{x) = X~'^ (j){X~^ x) and vice versa. We proceed along the same lines in our setting. By a formal 
computation we see that if n is a local solution for the modulated KdV equation on the torus then 
the rescaled function satisfies formally the equation 

dt ' ""^^^ dt +^-^^*^ 

with = X^wx-3t and n'*'(0, x) = X~'^(j){X~^x). We must also pay attention to the fact that space 
has changed because the new solution is A-periodic function and not a 1-periodic function. Let us 
introduce some definition and conventions that will be used later. We begin by define the Fourier 
transform of function on = [0, A] by 

/>)= r/(x)e-2-'=^dx 
Jo 

for k 7j/X then the usual properties of the Fourier transform holds: 

1. Io'\m\'dx={j:,eZ/x\fik)? 

2. /(x) = iEfcex/A/»e'^"'" 
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3. T{fg){k) = iEfei,fc2GZ/A;fci+fc2=fc/(^l)5(^2) 

and then we define the Sobolev space H°'{Tx) by the set of the distribution / € 5'(T;^) such that 
/(O) = and 



/f-(0,A) - ;^ 



(17) 



\ E |fcri/»l'<+oo. 

fcez/A 

Now we are able to study our rescaled Cauchy problem given by 
As usual we write this last equation as 

Jo 

with Vi = {U1"^)^^Ui . Now to solve this last equation by the fixed point method we have to estimate 
the Holder norm of the modulated operator X'^ given by : 

rt 



for '0i,V'2 G i^"(0,A). 

Proposition 7.1. Let a > —p and p > 3/4 then there exist 7 > 1/2 such that for all T > the 
following inequality holds. 

ll^iill£^/f"(0,A) < CT||<I>'"|U;,,A°+3/2-37|i _ ,|7 

for all (s,t) G [0,A'^T], with Ct > is a finite positive constant. 

Proof. Let ipi,ip2 ^ i^"(0, A) then by a simple computation we have that 



A-3 ^ |A;|2"+2 

fcez/A 



E (ki{kMk2)^''stikik2k) 

k\+k2=k 



with ^lt{a) = e^^'^-dcT and then using Cauchy-Schwarz inequality we obtain 



H. 



< 



A- E 1^ 



2a+2 



sup „ 



|^^f(fcfclfc2)|- 
2a 



fcez/A 

Now using the {p, 7) irregularity of w we can see that 

r-A-a* 



"IIV'l||i/"(0,A)ll^2||H«(0,A) 













L 


J s 







^i}?kk\k2Wo 



da 



and then we have 



fcez/A 



sup 

k 



1«'2| 



2o+2p 



< C2_rA3-67+2a|^ _ ^|27 ^ |^|2-4p ^ 



and this finishes the proof. 



□ 
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Corollary 7.2. Let A > then u is a local solution of the modulated KdV equation on the Torus 
with initial data (p € H°'(T) and life time T > if and only ifu^{t,x) = X~'^u{X~^t, \~^x) is a local 
solution of the rescaled equation with initial data (f)^{x) = X~'^ (j){X~^ x) with life time X^T 

Proof. Let u a solution of the modulated KdV equation on the Torus then by definition we have that 
vt = U^r'^ut G C^^^i[0,T],H'^{T)) and by a simple computation we have that = {Uf^y^u} G 
C^/2([0, A3r],if"(TA)). Now we have to check that the rescaled function u^{t,x) = X~'^u{X~'^ ,X~^x) 
satisfy the equation, but by a simple computation we have that Vti^) = j'^^x-sti^k) and 

= ^kX' ^1 (t) ^2 (j) $r3,,,-3,(/i/2Afc) 

h+l2=Xk;h,l2€Z ^ ^ ^ ^ 

= x-^Xs.{M>^.),M^-mk) 

for ah k € Z/X and ah Vi,'02 e -ff"(0, A). Let Xh G [0, A^T] and U = {ti)i a partition of the interval 
[0, }?t\ then of course li^ = (A~'^tj) is a dissection of [0, t] and using the relation given above we can 
easily see that 

Xuu+M^^'^u) = A^^^A-3t,+i,A-3f,K-3t,,^^A-3tJ(AA;) 
and using the fact that u is a solution of the 1-periodic equation we can easily see that 

vt=i)+ lim VXa-sj A-st.K-st.ji'A-stJ 
n^|->-o 

in i/"(T) and then 

i 

in if°(0, A) with = X~'^ (l){X~^ x) of course this give us our result by the convergence of Riemann 

sum to the Young integral. □ 



7.2 Commutator estimates and almost conservation law 

The previous section tell us if we want to construct a global solution to the 1-periodic KdV equation 
is sufficient to prove that for every T > and a suitable A > 1 we are able to construct a global 
solution to the rescaled equation. For that let us introduce the spatial Fourier multiplier operator / 
which act like the identity on the low frequencies and like a smoothing operator of order \a\ on the 
high frequencies more precisely we choose a smooth function m such that 



m(C) 



1, lei < 1 
i^r, 1^1 > 10 



and for N >> 1 we define / by F{I(j))[k) = m{^)(j){k) for every (p G H"(Tx). Now the so called I 
method to proof the global solution is based on some estimation of the modified energy ||/nt||i2. Let 
us begin by expand our modified energy 

WiVtWl - IIMII' = {IVs,IX^t{Vs,Vs) - X^t{IVs,IVs)) + Rst 

with Rst ^ |i — sp'*'^/^ then to control R is sufficient to control the first order term of our expansion and 
for that we have the following commutator estimates. To simplife the notation let mi\j{k) = m[k/N). 
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Proposition 7.3. Let a € (— p, 0), p > 3/4 there exist 7 > 1/2 such that for all T > the following 
inequality holds a 

\\IX^,i^i,i;2) - X^,{I^|:uI^2)\\2 < CT\\^'"\\yvl^\t - 

for all s, t € [0, X^T], A > and "01, £ H'^{0, A), with Cw,t > a finite constant. 
Proof. By a simple computation we have 



fcez/A 



2 

^st{f^kik2)'ipi{ki)'ip2{k2){mN{k) - mN{ki)mN{k2)) 

ki+k2=k 



and then we spht {ki + k2 = k} = Ui=o,i,2,3A with Dq = {ki + k2 = k; \ki \ < N/2, 1^2 1 < N/2},Di = 
{ki + k2 = k;\ki\ >N/2,\k2\ < N/2,\k\'< )v/4},L»2 = {ki + k2 = k;\ki\ > N/2,\k2\ < N/2,\k\ > N/A} 
and D3 = {ki + k2 = k; \ki \ > N/2, \k2\ > A^/2}. Is not difficult to see that the region Dq give a zero 
contribution. Using the Cauchy-Schwarz inequality we can see that 



A-^' E 1^1' 



^^t{kkik2)tpi{ki)tp2{k2){mN{h) - mN{ki)mN{k2)) 



2 

<h'/\\Ii;,\\l\\I^|;2\\l 



with 

u\i _ \~i Sr IM2 \'^stikkik2)\'^\mNik) - mAf(fc2)rnAf(fci)P 
^ " ' T \m^{k,)\^Mk2W 

for i = 1,3 and 

|$^t(A:/ci/i:2)P|mAr(/c) - mN{k2)mN{ki)\'^ 



We begin by bounding the term h^"^: 



<C^,T\t S\ A TV ^^SUp^J/cl 2. |fci|2«+2p|fc2|2p 



then by the mean value theorem we have \mM{k) — mi\j{ki)\ < \k2\/N and if we interpolate this bound 
with the trivial bound \mN{k) — mp^{ki)\ < 1 we obtain 

If p G (3/4, 3/2) we can choose = p — 1/2 — e € [0, 1] for e > small enough to obtain 

/i^' < T\t - 5|27A5-6(7H-p)^2ae-2e |^|2-4p-2ae j j j -1 ^2a+2p | | 

\k\>N/4 

< C^,T|i - s|2TiV3-6p+£A6-6(7+p)+£ 

< C^,T\t - s|2TiV-2PA-2/'+3-67. 
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If p > 3/2 we use only the trivial bound to get 

h]f <C^T\t- s\^^\^-^^^'+P^ sup \k\^-^py]{\k\\ki\-^f'^+'^P\k2\-^P 

\k\>N/A 

Now we will focus on the term in fact by a simple computation we can see that in this region we 
have |A;2| G [Af/4, iV/2] and then 

h]^^ <Cy,T\t- S^'X^-'^^^+P^ |A;|2-4psup|fep"+2p|fel|-2"-2P|A;2|-2p 

\k\<N/ 

< C^T\t- sPX^^^^-'^PN^'^P. 



\k\<N/4 



It remains to bound h'^^. We begin by noting that in this region we have |mAr(fc) — mAr(A;i)?7ijv(A;2)P ^ 



"N 

|mjv(A;)|2 + iV-4°|/ciA;2p" and then 



h^/ <C^T\t- s|27A5-6(7+p)(Ar4" |^|2-4p-2a|^^(^)|2 | ^|2a+2p | | -2a-2p 
+ Y \k\^-^P sup \k\^P\kik2\-^P) 

< C^,T\t - s|27A5-6(7+p)Ar-2p(;^4p-2 ^ j^2a ^ | ^|2-4p-2a |2) 



Now it is not difficult to see that iV2a |^|2-4p-2a|^^,^^-)|2 < a4p-2 ^^^^^ ^j^j^^. j^^^^g 

< (^t^.Tl* - s|2TA3-67-2pjV-2p. 

This ends the proof. □ 

Now we have a useful Corollary which be used to prove a variant of the local existence result. 

Corollary 7.4. Let a € {—p,0), p > 3/4 then there exist 7 > 1/2 such that for allT > there exists 
a constant such that 

\\IX^,i^Pl,^2)\\L^ <«,,T \t-sPX'/^~^'"'+"\\I^|;l\\2\\I^P2\\2 

for all s, t G [0, X^T] and V'l, -02 G H°'{0, A) 

Let us define Nj{tp) = H/V'IIl^ for all "0 £ H°'{0, A) of course H°'{0, A) equipped with the norm Nj 
is a Banach space. Now we have the following local existence result. 

Proposition 7.5. Let ip G H°'{0, A) then there exist a life time k > and a solution u of the rescaled 
problem such that Iv^ G C^^'^{[0, k], L'^) moreover we have that 

K ~ min(5, ll/V'ir^) 

for some 9 > and we also have 

\\Iv\\cO(L2) + ||/i'||ci/2(L2) < WI^^Wl^. 

36 



Proof. Let v G C^/'^{[0, k], H''), < K < 5 then we introduce the norm = | jl-yl [(^1/22,2 + ||/f||c0£,2 
and we define the fixpoint map 

r,(t;) = V + / X^^{v„,v^). 



Jo 

Of course is weh defined and if we let Be := {f G C^^'^{[0, k\,H°'); \ \v\\ < c||/'i/'| then if w € Bq 
we have by a simple computation that 

and then for A > 1, we have that 

r.WII <Ciy,.c2||/V.||2K^-V2. 
1 

Now is sufficient to take ~ min(5, \ \ ^/^-t) small enough and then there exist c > 1 such that 
||r(t')|| < c||I'(/'||l2. Now is a contraction in Be in fact we have by a simple computation 

\\T,{v') - T^iv^)\\ < 1 1^,11^1 _ ^2|| 



and then if we take k ~ min(5, \ \ ^/^^i) < k* small enough, F^ in this case is a strict contractions 
in Be and then it have a unique fixed point in this ball, the proof of the uniqueness is standard. □ 

We have now all the ingredients to prove the global existence result. 
7.3 Global existence 

To exibith a global solution for 1-periodic Cauchy problem with initial data (f> G H°'{T) it suffices to 
prove that for every T > the rescaled equation admits a solution in [0, X^T] with initial condition 
ij)^{x) = (f){\~^ x) . We begin by noting that 

and then we choose A ^ 3/2+a such that H-Z^V' IIl2 = Eq <^\. Using the local result we know 

that there exists a solution = v oi the rescaled problem with lifetime k > 1 now by a simple 
computation we have 



\Ivt\\L-i - \\Ivs\\l-^ = {Vs;IX{Vs,Vs) - X{IVs,IVs)) + R. 



■St 



where \Rst\ ^ 1^ ~ sP''^ then for p < 3/2 and using this last equation, the Young estimation given in 
the Theorem 3.1 and commutator estimate we can see that 

IIMII <el + N-PX-P+^/^-^'' 

then if we iterate our local result given by the Proposition 7.5 we can construct a solution with life 
time ~ ArPA/'+3/2-37 ^nd then we have to choose N such that 

X^T < ArPA^~^/^+^'^. 

This is possible if a > — &iid N large enough. 
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8 Strichartz estimate and the modulated NLS 



In this section we study the Schrodinger equation with quintic non linearity (ie : A = id"^ and 
N{u) = |n|^n, ^ G (1)4]). The problem here is to manage the algebraic difficulty given by the non 
linearity for this we will use a different strategy than that used in the previous sections. We recall 
for the case of Brownian motion that this equation has already been studied in [14] using a strong 
Strichartz type estimates, the goal of this section is to observe that their result generalizes easily to 
an arbitrary p-irregular path. In order to prove Th. 1.9 we will follow their strategy and obtain a 
preliminary estimate which involves computations similar to those used in the study of the X operator 
for the cubic NLS in Lemma 5.12. 

Proposition 8.1. Let a € [0, 1] and p > such that < a < 1 and p > a + 1/2 or a = 1 and p > 1 
then for all T > there exist 7 > 1/2 such that : 



dt 



D2 



unurr'i^sds 



\w 



Li([0,r],L2(R)) 



for every ^ £ Li([0, T], ^^(M)). 

Proof. By going in Fourier variables we can see that 



dt 



L>2 



ur{uf)-'i^sds 



T 



dt 



dsids2ds3ds4 / dxidx2da;3X 



x(e-'^|x2-Xir|V;.,(xi)||C^(x2)||(43)*(^3)||€4(^4)|) 



where X4 = — xi + X2 + X3, (j) = x'\{wt — WsJ — X2{wt — Wg^) — x^iwt — Wg^) + x\{wt — Wg^)- Now we split 
the integral over (51,52,53,54) in four region where Si = max(5i, 52, 53, 54) for i = 1,...,4. Consider 
for example the first region where 5i > 52,53,54. Then using Fubini we can see that this integral is 
given by : 



I 
and 



d5i 



[0,si 



dxida;2dx3( / e-''^dt)\x2 - xin^,,(xi)||^L(x2)||(V;s3)*(:z^3)||(€4)*(^4)| 



-''t'dt 



T 



|$-^(2(X2-X1)(X3-X1))| 



Then we have to bound the following integral 

I{a) = [ dxidX2dX3|x2 - Xin<^>lTi'^{x2 - X,){x3 - m)) | |4i (^1 ) 1 1 V^,*, (X2) 1 1 (^3 )* (^s) 1 1 (V^ )* (^4) | • 



An application of Lemma 5.13 shows that 
and concludes the proof. 



T N 4 

\ips\L^(mds 



□ 



Now we obtain a Gagliardo-Nirenberg type inequality to transform the regularity gain of the 
previous proposition into an integrability result of Strichartz's type. 
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Lemma 8.2. Let p > 2 and e > then there exist C = C{e,p) such that for all f € L^(M) n Tig the 
following inequality holds : 



LP( 



< C 



where Us is the homogenous Sobolev space onM, s = ^ — | + | and 9 = (2+e)p^-2 ^ ^) 

Proof. We begin by decomposing / in standard Littlewood-Paley blocks / = A.j/ and then 

WfWLPiR) < ||A_i/|Up(k) + Yl W^ifWLPiR)- (18) 

i>0 

Bernstein's inequality then gives ||Aj/||2,p(M) < 2 ^2 p'^|jAi/||^2(]{j) and then summing this last equa- 
tion over i > and using Jensen inequality we can see that 



j>0 



j>0 i>0 

1/2 



S wJWHs 



i>0 



and then we have ||/||lp(ir) < II/IIlhk) + WIWHs- Now if we put fx{x) = /(Ax) in this last inequality 
we can see that 

lL.(R)<A-l+l/P||/Li(M)+A^/2||_^||^^ 

□ 



then to have our result is suffices to take A 



2p 



LHR)\\J\\n 



) 2-(2+e)p ^ 



Proof of Proposition 1.9. Starting with Lemma 8.2 and taking a = 1 and p > 1 in Prop. 8.1 we obtain 



U:"{Ur)-'^sds 



LP([0,T],L2p(R)) JO 



dt 



unurr'^Psds 



< f dt 
Jo 



unurr'i^sds 



1/2 



ur{ur)-'^Psds 



p/2 



p-1 



Now is suffice to remark that 



C/-(C/-)-Vsd5 



L°°{[0,T],L2(R)) V-'O 



T \ P-1 

IIV's||L2(R)ds 



U^'iUrr'Ads 







and then 



L°°([0,r],L2(K)) 0<t<TJo 



< sup / i|t/r(c/r)-VsiL2.M)ds< 



\ds 



u:"{u:)~'^PAs 



LP{[0,T],L2p( 



T \P 
IV's||L2™)ds 



when p G (2,5]. Now in the case p € [2,4) we obtain the same result if we use the Lemma 8.2 and 



take a = 1 — I + e G (0, 1/2], p > a + ^ in Proposition 8.1. 



□ 
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To have all the ingredients needed for the fixed point argument we have to estimates the action of 
the operator on the initial condition. 

Proposition 8.3. Let T > 0, p = + 1 G (4, 5], p > min(| — |) then then there exist constant Cp 
and 7*(p) > such that the following inequality holds : 



Ilp([0,T],L2p(I8)) < C'pll'^l 



for allip e L2(M). 

Proof. Let us begin by using the Lemma 8.2 and then 



iLP{[0,T],L^P{ 



T 



dt 



p/2 
LP (I 



< \\u 



wj,n{l-0)p 



IL°°([0,T],L2{R)) 



dt 



2 



where 6 = (^2+'e)p-2 then is suffice to bound the quantity Z)"/^ \Ul"ip\^ 
the Proposition 1.9. By a simple computation we have 



and to proceed as the in 



dxid2;2dX3|x2 - Xi\'^\<^QT{r])\\'lP{xi)\\lp{x2)\\Tp{x3)\\Tp{-Xi +X2 + X3)\ 



where rj = 2{x2 — xi)(x3 — 2:2). Now applying again Proposition 8.1 we concludes the proof. 



□ 



We are now ready to prove Th. 1.10 about existence of local solution to the modulated NLS with 
general non-linearity. 



Proof of 1.10. Let us define for -0 € -^^^([0, T], L^^) the following map : 



then we can easily see by proposition r(i/;) G LP([0, T], L^^(R)). Now we will prove that F is a strict 
contraction in a adequate ball of our space. In fact let 

= {V^ e L^'([0,T],L2p(]R)), ||V.|Up([o,r],L2p(M)) < r] 
then using the Proposition 8.3 and Proposition 1.9 we have 



|r(V)ll 



LP([0,T],L2p( 



^ ll*^. ^ IIlp([0,T],L2p{R)) + 



U^{Uf)-'m^^l:s)ds 



LP([0,T],L2p( 



+ 



+ 



LP([0,T],L2p(]R))^ 



ds 



then we can choose Ti small enough such for all T <Ti that the equation rx = CyjT"'*^^\\\u'^\\]^2(^'^ + 
rj.) admit a positive solution r = r^. Now for T < Ti and -i/'ij V'2 € ^^([0, T], L^*'(IR)) n Br we see by 
the same argument using previously we have 



|r(V'l) - r(V'2)|lLP([o,T],L2p{R)) 



^."(^r)"'(i^irv'i-iV'2r^2)ds 



LP([0,T],L2p(M)) 



<a,Tr^*(pV-i||Vi-V': 



2|Ilp{[0,T],L2p( 
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then if we choose T2 < Ti such that for all T < T2 we have 1 1$| |yy7.pT'''*^^VP ^ < 1 then in this case T 
is a strict contraction of the ball L^([0, T2], L^P(M)) n and then it has a unique fixed point in this 
ball. The proof of uniqueness is standard. Now the fact that u G C([0, T2], L^(M)) is simply given by 
the inequality 

\\ut - Us\\l2(r) < - t^">°ll +^ ||^^a|li2p(iR>)dcJ. 

Now we will focus on the proof of the conservation law in the quintic case (i.e.: p = 5), for simplicity. 
For the other value of p the argument is similar. Let now M € N. By the same argument used in the 
beginning of the proof we can construct a local solution u*^ G -^^([0, T], L^°(M)) n C([0, T],L'^{R)) of 
the regularized equation. More precisely we have that 

uf = U^Umu^ + i f Unurr^UM {IUmu^'I^Umu'^) ds 
Jo 

for all t € [0,r] and some T = r(||7i'^||^2(ia)). Let t;*^ = {U^)~^u^^ . A simple computation shows that 

Ibf - vfWi^m ^ f linMnflliioda <M [t - s)\\u' 

J s 



IL°°([0,T],L2(r)) 



from which we obtain that 



\\vf'\\l = \\vf\\l + ^l Im{vs,{U:r\\U:vf\^U^vf))da + 0{\t-sf). 

It is not difficult to see that {vs, (U^yWU^vfl^Uavf)) G M and then \\v^\\l = ll^f 111 + 0{\t - sp) 
and then we obtain immediately that ||tij*^||2 = H^'^lb- Moreover we have 

• ilAfU = u ; 

• for every T > 0, sup^/ ||'u^^||l5([o,t],lio(R)) < +00 . 
Using that we have easily 

^IIl5([0,T],L10(R)) < r'^(||n° - UmU°\\2 + Wu'^' - ^i||L5([o,T],LiO(R))) 



U 



and for T < min(T2,l/2) small enough — it| |l5([o,t],lio(R)) 0. It is then sufficient to 

iterate this procedure to extend it to the interval [0, r2]. Now by a simple computation we can see 
that 

\\u - 'u||l°°([0,T2],L2(R)) ^ ||nM^^° - U^\\2 + \\u ' - '"||l5{[0,T],L10(R)) 

and then | |ttt | |l2(ir) = | lu'^l Ilz^k) which gives the conservation law and allow us to extend our local 
solution in a global solution. Now let vP G and using the Strichartz estimates after taking the first 
derivative of the function T{^) we obtain that 

l|r('(/')IU5([o,T],H/i>iO{R)) T'^iWu^Wm + '^^IIV'llL5([0,T],iyi.iO(R))) 

with ^ G -Br where Br is the ball in which we have setup our point fix argument at the beginning of 
the proof. Then -6(0, R), the ball of radius R in L^{[0, T], I^'^'^^(]R)) is invariant by the restriction 
of 7 on Br for T3 = T depending only on r and not R. Since closed balls of L^{[0,T],W^'^^{M.)) are 
closed also in L^{[0,T], L'^''^°{M.)) the fixed point of Lb^ is in L^{[0,T],W'^^'^^{R)) and we obtain that 
u G L^([0, T3], VF^'^'^(R)). Now by a standard argument we obtain the needed regularity for u. □ 
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